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Abstract—Ultrasound transducers with phased arrays are used in multiple areas, including medical
and technical applications. The numerical modeling of the composite ultrasound requires high
spatial and temporal resolution with a full viscoelastic anisotropic material model. The grid-
characteristic method that can provide it is demanding in terms of calculation time. A problem of
optimal adjusting of the phased array requires a fast and effective numerical method. The retracing
method for acoustics that is used for ultrasound and seismic problems, improved with a wavefront
construction method was implemented. A technique of modeling the ultrasound of composites with
good accuracy and in a reasonable time is proposed.
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1. INTRODUCTION

Ultrasound is a most common method of non-destructive testing of construction materials [1]
because of its effectiveness and low cost. Modeling of ultrasound usually utilizes the acoustic material
model [2, 3]. It considers only longitudinal waves in material that are responsible for the most prominent
parts of the ultrasound signal on the sensor. This approach is enough for most problems, but in case of
materials with complex shape and rheology a full elastic model is required.

This is most relevant for composites, because the material, anisotropic and inhomogenous itself, can
also have damage types that are hard to detect by any type of non-destructive testing. Fragile destruction
can appear in areas that are not directly connected to the impact point ([4–6]). Elastic waves that
propagate through the area can interfere in a remote point and cause damage. In a homogenous material
in can cause, for example, a rear break-off effect [7]—an elastic wave with a flat front interferes with its
own reflection from a flat rear surface and breaks a plate from the material. Egde effects in composites
are also well-known [5]. During the impact testing, isolated damaged areas appear near free borders of
a testing specimen, even if the composite plate under consideration has a large size. Any construction
process—for example, drilling or sawing a composite detail—can also lead to the appearance of damaged
areas in unpredictable places.

The appearance of these isolated damage areas makes the ultrasound testing problem even more
relevant, because any damage to the composite leads to the necessity of a full investigation of a damaged
detail.

The grid-characteristic method is proposed for the solution of the elastic problem. It was developed
for the modelling of wave processes and verified by experimental data and analytical solutions on multiple
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problems [2, 3, 7–9]. The main feature of the method is that it provides a numerical solution for border
and contact problems with good spatial and temporal resolution. The method allows a simple and
convenient way to formulate any border and contact problems, including consuming borders and contact
between different anisotropic media. Since the elastic system of equations is solved on each time step
for each node of the computational mesh, we obtain a numerical solution for these problems.

The main disadvantage of the grid-characteristic method is a high computational time. It can be used
for isolated problems and statements, but regular serial calculations appear to be very demanding. A
typical statement that illustrates this problem is the modeling of the phased ultrasound array. Different
approaches to the phasing algorithm require from 24 to 200 calculations for each ultrasound image.
A typical investigation consists of multiple images—the ultrasound device can operate in real time,
showing the image of the investigated plane on its screen.

The adjustment of the transducer with a phased array for a composite scanning is a complex problem.
Each tranducer has a lot of adjustable parameters, and numerical modeling can be an effective way of
finding the optimal set for any required material, detail or damage type. Solving this reverse problem
requres a fast and effective numerical method for a direct problem.

A fast method that is widely used in the ultrasound simulation is the raytracing [10]. The main idea
behind this method is dividing the wavefront into elementary nodes—rays—and modeling these nodes
as separate particles that propagate, reflect ans refract separately from each other. This method is very
advantageous in computational time, because it does not require a computational mesh in the whole
computational area. It only considers surfaces of obstacles and wavefronts, significantly reducing the
computational time simply by the amount of nodes in the mesh.

The raytracing method has two main disadvantages. The first one is that the original method does not
guarantee the sufficient density of rays in any point of computational area. Since the rays are calculated
independently, and often on GPUs or different calculation nodes of a computer cluster, we can not assess
the amount of rays in each point without a drastical increase of computational time. This problem is
often solved by an increase of the amount of rays, but in case of complex geometry it is not enough.
For example, a simple thin vertical crack requires to increase the amount of rays by several orders of
magnitude. This problem can be solved by introducing the wavefront construction method [11], which
will be described further.

The second disadvantage of the raytracing method is that it requires a preliminary solution of border
and contact problems. When a ray falls on a border or contact surface, we have to determine angles and
amplitudes of reflected and refracted rays. The analytical solution for border and contact problems for
the acoustic model are given in [12]. This book also contains the solution for elastic problems, but only
in a limited range of ray angles. We were unable to find an analytical solution for a full border or contact
problem, that included a consideration of all ray angles and surface waves. A way to solve this problem
is using the grid-characteristic method for solving local border and contact problems, since this method
allows us to obtain full solutions for complex cases like anisotropic materials.

The procedure for generating ultrasound B-scans was described in [3]. Two approaches were
considered—modeling of each ray independently, which corresponds to the analog method of B-scan
generation; and modeling of elements one by one, which corresponds to the digital method of B-scan
generation. The second approach is used in this paper, since it allows to significantly reduce the required
calculation time.

In this paper, we describe and illustrate problems that arise while modeling the phased ultrasound
array by model calculations with both of the forementioned methods and propose a direction of further
research.

2. GRID-CHARACTERISTIC METHOD

2.1. Viscoelastic Material Model

Polymer material properties depend on loading speed, and for ultrasound loading polymer composite
can be treated as a homogenous three-domensional anisotropic viscoelastic medium. Governing
equations, based on the model from [6] and modified with a Maxwell viscosity model [13], can be
described as follows:
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where ρ is the density, vx, vy, vz are deformation velocity vector components, σxx, σxy, σyy, σyz, σzz are
stress tensor components, cij is the elastic properties matrix, τ0 is the relaxation time for Maxwell model.

For an orthotropic material the amount of independent components in elastic properties matrix cij
reduces to nine: ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c11 c12 c13 0 0 0

c12 c22 c23 0 0 0

c13 c23 c33 0 0 0

0 0 0 c44 0 0

0 0 0 0 c55 0

0 0 0 0 0 c66

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

2.2. Numerical Method

The hybrid grid-characteristic method on irregular grids that was used in this article is thoroughly
described in [6]. The main idea behind the method is using the characteristic properties of the equations
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system for elastic material. The three-dimensional equations system is splitted by spatial coordinate
axes and physical processes. It reduces the problem to a set of three one-dimensional problems and an
equation for a right-hand part [14, 15].

The algorithm for the solution of one-dimensional problems and a way to combine them to obtain
the solution for the original three-dimensional system is described in [6]. Only a small modification is
necessary to include a right-hand part equation solution into the algorithm.

Considering �u = {vx, vy, vz , σxx, σxy, σxz, σyy, σyz, σzz}T , system of equations (1) can be rewritten
as follows:

∂�u

∂t
+Ax

∂�u

∂x
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∂�u

∂y
+Az

∂�u

∂z
+ �f = 0,

where Ax, Ay , Az are rheological matrixes that correspond to the original system (1), �f is the right-hand
part. It can be written as follows:
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The relation F between the unknown vector on the next time layer �un+1 and on the current time layer
�un can be written as

�un+1 = F (Ax,Ay,Az , �f)�u
n,

For one-dimentional equations systems the relation can be designated as Fq , where q = (x, y, z):

�un+1 = Fq(Aq)�u
n.

For a right-hand part equations system the relation can be designated as Fr:

�un+1 = Fr(�f)�u
n.

The solution for this equation system can be found by explicit time integration. The resulting formula for
the three-dimensional problem, based on the formula from [6] will be as follows:

F (Ax,Ay,Az) = Fx(Ax)Fy(Ay)Fz(Az)Fr(�f).

2.3. Problem Statement

An ultrasound investigation of a small fragment of CFRP plate under a phased array was considered.
Material properties for CFRP were taken from [6].

Phased array elements are modeled as a boundary condition with pressure on the surface in the
emitter mode and as the dependence of the normal velocity on time in the receiver mode. For the model
problem, it was assumed that the phased array is a square with a side of 1.5 cm and contains 24 elements.
The thickness of the investigated composite material is 2.5 cm.

A square sample with a side of 5 cm was taken.The upper and lower boundaries of the sample are
free borders, the side edges are consuming borders, effectively simulating a large volume of material,
the response from objects in which does not reach the receiver in the time during which the signal is
received.

Three statements were considered (Figure 1)—an intact specimen, a specimen with a short notch
and a specimen with a long notch.
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(а) (b) (c)

Fig. 1. Problem statement for grid-characteristic method: (a) intact specimen, (b) specimen with a short notch,
(c) specimen with a long notch.

(а) (b) (c)

Fig. 2. Dynamic wave pattern in calculation with the grid-characteristic method, three consecutive time steps:
(a) intact specimen, (b) specimen with a short notch, (c) specimen with a long notch.

2.4. Numerical Results

Calculated wave patterns for three specimens and a first element of the phased array are given on
Figure 2.

All the expected wave types [12] were obtained, as shown on Figure 3. The Rayleigh wave is a surface
wave that propagates along the top boundary and dissipates much slower than other wave types. It is
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slower than longirudinal wave, and it is clearly visible on Figure 2. Surface waves only appear in elastic
material. If the dead zone of the transducer is assessed according to the acoustic material model, surface
waves are not taken into consideration and create a high-amplitude noise on sensors.

It is visible on Figure 4—bright lines on the left side of images that corresponds to the postion of the
phased array. Each horizontal line of pixels on these images corresponds to the signal on a single sensor
(A-scan) during the calculation for a middle element of the array. Images of reflections from the rear
boundary and the notch are also visible.

Figures 5 and 6 contain B-scans for this calculation. Combining the whole set of obtained A-scans,
we can digitally imitate phasing and focusing, effectively reproducing the phased array by data from
isolated sensors. Each horizontal line of pixels in these images represents the signal along a single ray.
Figure 5 contains raw data, and Figure 6 contains the processed data. The processing algorithm is
described in [3]—a combination of narrow-band filtering and Hilbert transformation.

The noise from Rayleigh wave is mostly removed by the phasing procedure. Comparing the resulting
data for short and long notches, we can conclude that the consideration of the three-dimensional model
is necessary for a quantitative analysis. In a quasi-2D statement with a long notch the signal from the
notch is stronger than for the statement with a short notch. For quialitative analysis, a two-dimensional
statement can be enough, since both position and form of the signal are the same.

3. WAVEFRONT CONSTRUCTION METHOD

3.1. Acoustic Material Model

According to the acoustic model [11], the ultrasound signal propagation is described by the following
equation:

ρ(x)
∂v(x, t)

∂t
+∇p(x, t) = 0 in Ω,

∂p(x, t)

∂t
+ ρ(x)c2(x)∇ · v(x, t) = −α(x)c(x)p(x, t) in Ω, (2)

where Ω is the domain occupied by the tissues, x is a point in Ω, ρ(x) is the density, v(x, t) is the velocity
vector, p(x, t) is the acoustic pressure, c(x) is the speed of sound, α(x) is the Maxwell’s attenuation
coefficient .

3.2. Numerical Method

The raytracing method improved with a wavefront construction method, is thoroughly described
in [11]. The direct application of the raytracing method [10] to the system of equations (2) is complicated
by artificial shadows, caused by the uneven distribution of rays in the computational area with complex
borders. In the original raytracing method, the rays are calculated independently and we do not have
means to trace the rays and correct their density. In some cases—for example, several thick and
wide layers—the amount of rays can be estimated before the calculation. A composite with damaged
areas has irregularities that are much smaller than the characteristic dimensions of the specimen
under investigation. The straightforward application of the raytracing method to this problem requires
prohibitively large number of rays in this case.

The wavefront construction method [16] models a wavefront as a mesh—one-dimensional mesh for
a two-dimensional problem or a two-dimensional mesh for a three-dimensional problem. A mesh can
be adapted locally and dynamically, solving the problem of artificial shadows at the cost of algorithm
paralleling capability.

In [11] the wavefront construction method was improved by the use of the Snell’s law [12] for ray
propagation at interfaces between different materials.

The method was implemented for two-dimensional acoustic statement.
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Rayleigh wave Bow shock wave

Shear wave

Longitudinal wave

Fig. 3. Wave pattern on a slice along the phased array direction for an intact material and the first element of the phased
array.

(а) (b) (c)

Fig. 4. Sets of A-scans for a middle element of the phased array: (a) intact specimen, (b) specimen with a short notch,
(c) specimen with a long notch.

(а) (b) (c)

Fig. 5. Sets of raw B-scans: (a) intact specimen, (b) specimen with a short notch, (c) specimen with a long notch.

(а) (b) (c)

Fig. 6. Sets of processed B-scans: (a) intact specimen, (b) specimen with a short notch, (c) specimen with a long
notch.

(а)

Sensor

Prism

Composite

(b) (c)

Sensor

Prism

Composite

Notch

Sensor

Step

Prism

Composite

Fig. 7. Problem statement for raytracing: (a) intact specimen, (b) specimen with a step, (c) specimen with a notch.

3.3. Problem Statement

In this paper, we modeled the ultrasound scanning of a small area of a polymer composite material
located under the sensor with a phased array and a prism. Phased array elements are modeled as a
boundary condition in source mode and as pressure versus time in receiver mode. For the model problem,
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(а) (b) (c)

Fig. 8. Numerical results for an intact specimen: (a) A-scans for the element N◦6 before the signal processing,
(b) A-scans for the element N◦6 after the signal processing, (c) B-scan.

(а) (b) (c)

Fig. 9. Numerical results for a specimen with a step with different step location and height (on top—step location –
5.0 mm from the center, in the middle—step in the center, in bottom—step location 5.0 mm from the center): (a) step
height 1 mm, (b) step height 2 mm, (c) step height 3 mm.

it was assumed that the phased array is a square with a side of 1.5 cm and contains 32 elements. The
thickness of the investigated composite material is 0.6 cm, a square sample with a side of 5 cm was taken.
The prism thickness was 1.27 cm. The speed of sound in the prism is 2.33 mm/s, in the composite it is
2.88 mm/s.

Three statements were considered: an intact specimen, a specimen with a single step and a specimen
with a notch (Figure 7).

3.4. Numerical Results
Numerical results for an intact specimen are given on a Figure 8. Two responses are clearly visible

on each image—from the contact between the prism and the composite and from the rear boundary of
the composite. A third, weak, response is also visible on A-scans. It is a second reflection of a wave in
composite, and it is not visible on the B-scan, since the data is slightly cut during the phasing procedure.

Numerical results for a specimen with a step with different position and height of the step are given on
a Figure 9. In the absence of a step displacement one can see images of both sides on the B-scan. With
a displacement of 5.0 mm from the center, the thickness of the composite under the sensor is 4 mm, and
a double signal from the bottom is clearly visible on the B-scan, caused by a re-reflection of the wave
inside the composite.

Numerical results for a specimen with a notch with different width and height of the notch are
given on a Figure 10. With an increase in the width of the notch, the signal from the free surface,
corresponding to a total thickness of the composite of 6 mm, is gradually replaced by a signal from the
surface corresponding to the thickness of the composite above the notch.
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(а) (b) (c)

Fig. 10. Numerical results for a specimen with a notch with different notch location and height (on top—notch width
0.4 mm, in the middle —notch width 2.0 mm, in bottom—notch width 4.0 mm): (a) notch height 1 mm, (b) notch
height 2 mm, (c) notch height 3 mm.

4. CONCLUSIONS

In this article, a numerical modeling of the process of ultrasound investigation of a composite material
using the grid-characteristic method and the raytracing method has been carried out.

The grid-characteristic method makes it possible to obtain a complete wave pattern for an elastic
medium in the presence of boundaries and contacts of different materials, but it requires computational
resources and makes it difficult to analyze the wave pattern in the case of a complex shape of a contact
or boundary surface.

The grid-characteristic method was verified in previous works by comparison with experimental and
analytical data, including fracture and ultrasound investigation of the composite.

The raytracing method, modified by the wavefront construction method, allows to conduct fast serial
calculations, which is necessary for solving practically significant inverse problems, but requires further
development for application to complex productions.

A comparison of the methods used has shown that it is expedient to use both of them in future
work. The solution of complex border and contact problems (for example, the contact of monolayers
with different directions of fiber) can be carried out using the grid-characteristic method. The obtained
data can be used to quickly solve such problems in serial calculations using the ray tracing method.
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