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Ââåäåíèå

Ãèïåðáîëè÷åñêèå ñèñòåìû óðàâíåíèé ñîñòàâëÿþò îñíîâó ìà-
òåìàòè÷åñêèõ ìîäåëåé ìíîæåñòâà ôèçè÷åñêèõ ïðîöåññîâ [1, 2, 3,
4]. Ê íèì îòíîñÿòñÿ: çàäà÷è ãàçîâîé äèíàìèêè, ëèíåéíî-óïðóãîãî
òåëà, ïðèìåñíîãî ìàññîïåðåíîñà. Ê ñîæàëåíèþ, ïðåâàëèðóþùåå
÷èñëî ïðèêëàäíûõ çàäà÷, îïðåäåëÿåìûõ êàê ðàñ÷¼òíîé îáëà-
ñòüþ, òàê è íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè, íå èìåþò àíà-
ëèòè÷åñêîãî ðåøåíèÿ. Òàêèì îáðàçîì, âàæíîé çàäà÷åé ÿâëÿåòñÿ
èçó÷åíèå ñóùåñòâóþùèõ è ðàçðàáîòêà íîâûõ ÷èñëåííûõ ìåòîäîâ
äëÿ ðåøåíèÿ ãèïåðáîëè÷åñêèõ ñèñòåì óðàâíåíèé.

Îäíèì èç ïîäõîäîâ ê ïîñòðîåíèþ ÷èñëåííûõ ìåòîäîâ ðå-
øåíèÿ ãèïåðáîëè÷åñêèõ ñèñòåì óðàâíåíèé ÿâëÿåòñÿ ìåòîä ðàñ-
ùåïëåíèÿ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, êîòîðûé ñîâìåñò-
íî ñ ñîîòâåòñòâóþùåé çàìåíîé ïåðåìåííûõ ïîçâîëÿåò ñâåñòè
çàäà÷ó ê ïîñëåäîâàòåëüíîìó ðåøåíèþ íàáîðà ëèíåéíûõ îäíî-
ìåðíûõ óðàâíåíèé ïåðåíîñà. Äàííàÿ ðàáîòà ïîñâÿùåíà ïðî-
áëåìå ïîñòðîåíèÿ ñåòî÷íûõ ÷èñëåííûõ ìåòîäîâ äëÿ åãî ðåøå-
íèÿ. Ðàññìàòðèâàåòñÿ îáùèé ïîäõîä, îñíîâàííûé íà ñåòî÷íî-
õàðàêòåðèñòè÷åñêîì ìåòîäå è èíòåðïîëÿöèè èñêîìîé ôóíêöèè
ïîëèíîìàìè íà ðàñ÷¼òíîì øàáëîíå. Îïèñàíû äâà ðàçëè÷íûõ
ñïîñîáà ïîâûøåíèÿ ïîðÿäêà àïïðîêñèìàöèè ñõåìû: ðàñøèðåíèå
ïðîñòðàíñòâåííîãî øàáëîíà [5] è äîïîëíåíèå èñõîäíîãî óðàâíå-
íèÿ åãî äèôôåðåíöèàëüíûì ñëåäñòâèåì [6]. Ðàññìîòðåí ïðèìåð
ðåàëèçàöèè ÷èñëåííûõ ñõåì íà ÿçûêå Ñè, ïðåäëîæåíû çàäà÷è
äëÿ ñàìîñòîÿòåëüíîé ðàáîòû. Òàêæå ïîêàçàíà âîçìîæíîñòü ðàñ-
øèðåíèÿ êîìïàêòíûõ ñåòî÷íî-õàðàêòåðèñòè÷åñêèõ ñõåì íà ñëó-
÷àé àêóñòè÷åñêîé ñèñòåìû óðàâíåíèé â îäíîìåðíîé ïîñòàíîâ-
êå. Ïîêàçàí ñïîñîá ïåðåõîäà â èíâàðèàíòû Ðèìàíà äëÿ ñèñòåìû
óðàâíåíèé óïðóãîñòè â îäíîìåðíîé ïîñòàíîâêå.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ñòèïåíäèè Ïðåçèäåíòà ÐÔ
ìîëîäûì ó÷¼íûì è àñïèðàíòàì ÑÏ-1591.2016.5.

1. Ëèíåéíîå óðàâíåíèå ïåðåíîñà

Ðàññìîòðèì îäíîìåðíîå ëèíåéíîå óðàâíåíèå ïåðåíîñà:

ut + λux = 0, (1)

ãäå u(x, t) � èñêîìàÿ ôóíêöèÿ, íàïðèìåð, êîíöåíòðàöèÿ âçâå-
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øåííûõ ÷àñòèö â æèäêîñòè, λ � ñêîðîñòü ïåðåíîñà. Ââåä¼ì çà-
ìåíó ïåðåìåííûõ

ξ = x− λt (2)

è áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (1) â âèäå u(ξ). Ïðÿìîé ïîä-
ñòàíîâêîé ìîæíî óáåäèòüñÿ, ÷òî (1) ïðåâðàùàåòñÿ â òîæäåñòâî.
Òàêèì îáðàçîì, åñëè ðàññìîòðåòü äâà ïîñëåäîâàòåëüíûõ ìîìåí-
òà âðåìåíè tn è tn + τ , ìîæíî çàïèñàòü ñëåäóþùåå ðàâåíñòâî:

u(xm, tn + τ) = u(xm − λτ, tn). (3)

Íà áàçå äàííîãî ñâîéñòâà ïîñòðîåí êëàññ âûñîêîòî÷íûõ
ñåòî÷íî-õàðàêòåðèñòè÷åñêèõ ÷èñëåííûõ ìåòîäîâ [7]. Âñå äàëü-
íåéøèå âûêëàäêè áóäåì ïðîâîäèòü â ïðåäïîëîæåíèè λ ≥ 0, ïî-
ñêîëüêó îáîáùåíèå íà ñëó÷àé îòðèöàòåëüíîãî êîýôôèöèåíòà ïó-
ò¼ì çàìåíû λ íà −λ è èçìåíåíèÿ øàáëîíà íà ïðîòèâîïîëîæíûé
íå ïðåäñòàâëÿåò òðóäà.

1.1. Ñõåìû íà ðàñøèðåííîì øàáëîíå

1.1.1. Ïîñòðîåíèå è àíàëèç

Ñîãëàñíî óðàâíåíèþ (3) íåîáõîäèìî èìåòü âîçìîæíîñòü âîñ-
ñòàíàâëèâàòü çíà÷åíèå èñêîìîé ôóíêöèè u(x, t) â ïðîèçâîëüíîé
òî÷êå ðàñ÷¼òíîé îáëàñòè, òîãäà êàê ïðè ÷èñëåííîì ðàñ÷¼òå å¼
çíà÷åíèÿ õðàíÿòñÿ â ôèêñèðîâàííûõ óçëàõ ðàñ÷¼òíîé ñåòêè. Äëÿ
ðåøåíèÿ äàííîé çàäà÷è âîñïîëüçóåìñÿ ïðîöåäóðîé èíòåðïîëÿ-
öèè ôóíêöèè ïîëèíîìîì çàäàííîé ñòåïåíè. Îòìåòèì, ÷òî âñå
ðàññìàòðèâàåìûå ñõåìû áóäóò îòíîñèòüñÿ ê ÿâíîìó òèïó, ò.å. íà
ñëîå n+1 áóäåò ïðèñóòñòâîâàòü òîëüêî îäíà òî÷êà øàáëîíà xn+1

m .
Ðàññìîòðèì äâóõòî÷å÷íûé ïî ïðîñòðàíñòâó øàáëîí (ðèñ. 1),

íà êîòîðîì ìîæíî ïîñòðîèòü ïîëèíîì ïåðâîé ñòåïåíè ïî çíà÷å-
íèÿì ôóíêöèè â óçëàõ xnm è xnm−1.

Â îáùåì âèäå ïîëèíîì ïåðâîãî ïîðÿäêà ïðåäñòàâèì â âèäå

F1(x) = a1x+ b1. (4)

Êîýôôèöèåíòû a1 è b1 ìîãóò áûòü íàéäåíû èç óñëîâèÿ ïðî-
õîæäåíèÿ ïîëèíîìà F1(x) ÷åðåç çíà÷åíèÿ ôóíêöèè, õðàíèìûå â
óçëàõ øàáëîíà:

a1 =
unm − unm−1

h
,

b1 = unm.
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x

t

n

n+ 1

−h
m− 1

0
m

−λτ

Ðèñ. 1. Äâóõòî÷å÷íûé ïî ïðîñòðàíñòâó øàáëîí, èñïîëüçóåìûé äëÿ ïî-
ñòðîåíèÿ ñõåìû ïåðâîãî ïîðÿäêà

Ïîäñòàâëÿÿ èõ â âûðàæåíèå (4) è èñïîëüçóÿ ñîîòíîøåíèå (3),
ïîëó÷èì

un+1
m = unm − λτ

h
(unm − unm−1). (5)

Íàèáîëåå ïðîñòûì è èíòóèòèâíî ÿñíûì ñïîñîáîì ïîâûøåíèÿ
ïîðÿäêà àïïðîêñèìàöèè ñõåìû ïî ïðîñòðàíñòâó ÿâëÿåòñÿ ðàñøè-
ðåíèå ñåòî÷íîãî øàáëîíà.

Ðàñøèðèì øàáëîí â ïîëîæèòåëüíîì íàïðàâëåíèè, äîáàâèâ
òî÷êó xnm+1. Íà í¼ì ìîæåò áûòü ïîñòðîåí ïîëèíîì âòîðîé ñòå-
ïåíè, â îáùåì âèäå ïðåäñòàâèìûé ñîîòíîøåíèåì

F2(x) = a2x
2 + b2x+ c2. (6)

Êîýôôèöèåíòû a2, b2 è c2 ìîãóò áûòü íàéäåíû èç óñëîâèÿ
ïðîõîæäåíèÿ ïîëèíîìà F2(x) ÷åðåç çíà÷åíèÿ ôóíêöèè, õðàíè-
ìûå â óçëàõ øàáëîíà:

a2 =
unm+1 − 2unm + unm−1

2h2
,

b2 =
unm+1 − unm−1

2h
,

c2 = unm.

6



Ïîäñòàâëÿÿ èõ â âûðàæåíèå (6) è èñïîëüçóÿ ñîîòíîøåíèå (3),
ïîëó÷èì

un+1
m = unm − λτ

2h
(unm+1 − unm−1) +

λ2τ 2

2h2
(unm+1 − 2unm + unm−1). (7)

Äëÿ äàëüíåéøåãî ïîâûøåíèÿ ïîðÿäêà ñõåìû ðàñøèðèì øàá-
ëîí, äîáàâèâ â íåãî òî÷êó xm−2. Íà í¼ì ìîæåò áûòü ïîñòðîåí
ïîëèíîì òðåòüåé ñòåïåíè, â îáùåì âèäå ïðåäñòàâèìûé ñîîòíî-
øåíèåì

F3(x) = a3x
3 + b3x

2 + c3x+ d3. (8)

Êîýôôèöèåíòû a3, b3, c3 è d3 ìîãóò áûòü íàéäåíû èç óñëîâèÿ
ïðîõîæäåíèÿ ïîëèíîìà F3(x) ÷åðåç çíà÷åíèÿ ôóíêöèè, õðàíè-
ìûå â óçëàõ øàáëîíà:

a3 =
unm+1 + 3unm−1 − 3unm − unm−2

6h3
,

b3 =
unm+1 − 2unm + unm−1

2h2
,

c3 =
2unm+1 + 3unm − 6unm−1 + unm−2

6h
,

d3 = unm.

Ïîäñòàâëÿÿ èõ â âûðàæåíèå (8) è èñïîëüçóÿ ñîîòíîøåíèå (3),
ïîëó÷èì

un+1
m = unm − λτ

6h
(2unm+1 + 3unm − 6unm−1 + unm−2) +

+
λ2τ 2

2h2
(unm+1 − 2unm + unm−1)−

−λ
3τ 3

6h3
(unm+1 + 3unm−1 − 3unm − unm−2). (9)

Äëÿ äàëüíåéøåãî ïîâûøåíèÿ ïîðÿäêà ñõåìû ðàñøèðèì øàá-
ëîí, äîáàâèâ â íåãî òî÷êó xm+2. Íà í¼ì ìîæåò áûòü ïîñòðîåí
ïîëèíîì ÷åòâ¼ðòîé ñòåïåíè, â îáùåì âèäå ïðåäñòàâèìûé ñîîòíî-
øåíèåì

F4(x) = a4x
4 + b4x

3 + c4x
2 + d4x+ e4. (10)
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Êîýôôèöèåíòû a4, b4, c4, d4 è e4 ìîãóò áûòü íàéäåíû èç óñëî-
âèÿ ïðîõîæäåíèÿ ïîëèíîìà F4(x) ÷åðåç çíà÷åíèÿ ôóíêöèè, õðà-
íèìûå â óçëàõ øàáëîíà:

a4 =
6unm − 4unm+1 − 4unm−1 + unm+2 + unm−2

24h4
,

b4 =
2unm−1 − 2unm+1 + unm+2 − unm−2

12h3
,

c4 =
16unm+1 − 30unm + 16unm−1 − unm+2 − unm−2

24h2
,

d4 =
8unm+1 − 8unm−1 − unm+2 + unm−2

12h
,

e4 = unm.

Ïîäñòàâëÿÿ èõ â âûðàæåíèå (10) è èñïîëüçóÿ ñîîòíîøåíèå
(3), ïîëó÷èì

un+1
m = unm − λτ

12h
(8unm+1 − 8unm−1 − unm+2 + unm−2) +

+
λ2τ 2

24h2
(16unm+1 − 30unm + 16unm−1 − unm+2 − unm−2)−

−λ
3τ 3

12h3
(2unm−1 − 2unm+1 + unm+2 − unm−2) +

+
λ4τ 4

24h4
(6unm − 4unm+1 − 4unm−1 + unm+2 + unm−2). (11)

N Èññëåäîâàòåëüñêèå çàäàíèÿ

1. Ïîñòðîéòå ñõåìû ïîâûøåííûõ ïîðÿäêîâ àïïðîêñèìàöèè
(íà÷èíàÿ ñ 5-ãî) ïóò¼ì ðàñøèðåíèÿ ñåòî÷íîãî øàáëîíà òî÷-
êàìè xnm−3, x

n
m+3, x

n
m−4, x

n
m+4, è ò.ä. ñîîòâåòñòâåííî. Îòìå-

òèì, ÷òî íåêîòîðûå èç íèõ ìîãóò íå îáëàäàòü ñâîéñòâîì
óñòîé÷èâîñòè [8]. Ïîäóìàéòå, êàêèå âîçíèêíóò ïðîáëåìû
ïðè èõ êîìïüþòåðíîé ðåàëèçàöèè.

2. Êàê áûëî ñêàçàíî ðàíåå, äëÿ ñëó÷àÿ λ < 0 ñõåìà ïåðâîãî
ïîðÿäêà ìîæåò áûòü ïîëó÷åíà ïðîñòîé çàìåíîé çíàêà ó ñîá-
ñòâåííîãî ÷èñëà è ïåðåõîäà îò xnm−1 ê x

n
m+1. Ïîäóìàéòå, êàê

ðåàëèçîâàòü ÷èñëåííóþ ñõåìó, â êîòîðîé ñîáñòâåííûå ÷èñ-
ëà êàê ïîëîæèòåëüíûå, òàê è îòðèöàòåëüíûå. Ïðîñòåéøèé

8



ïðèìåð � äâèæåíèå âçâåñè ÷àñòèö â æèäêîñòè ñî ñêîðîñòüþ
ïîòîêà â çàäàííîì (ïîëîæèòåëüíîì èëè îòðèöàòåëüíîì) íà-
ïðàâëåíèè.

3. Ïîêàæèòå, ÷òî ñåòî÷íî-õàðàêòåðèñòè÷åñêàÿ ñõåìà ïðè àï-
ïðîêñèìàöèè ïîëèíîìîì âòîðîãî ïîðÿäêà ñîâïàäàåò ñî ñõå-
ìîé Ëàêñà�Âåíäðîôôà [9].

4. Ïîêàæèòå, ÷òî ñåòî÷íî-õàðàêòåðèñòè÷åñêàÿ ñõåìà ïðè àï-
ïðîêñèìàöèè ïîëèíîìîì òðåòüåãî ïîðÿäêà ñîâïàäàåò ñî ñõå-
ìîé Ðóñàíîâà [5].

1.1.2. Ðåàëèçàöèÿ íà ÿçûêå Ñè

Îïèñàííûå âû÷èñëèòåëüíûå àëãîðèòìû ìîãóò áûòü çàïðî-
ãðàììèðîâàíû íà ëþáîì ÿçûêå ïðîãðàììèðîâàíèÿ. Ðàññìîòðèì
ðåàëèçàöèþ ÷èñëåííûõ ñõåì íà ðàñøèðåííîì øàáëîíå äëÿ ðåøå-
íèÿ îäíîìåðíîãî ëèíåéíîãî óðàâíåíèÿ ïåðåíîñà íà ÿçûêå Ñè.

Îòäåëüíûå ýòàïû àëãîðèòìà ëîãè÷íî âûíåñòè â ôóíêöèè.
Ïðè òàêîì ïîäõîäå, íàïðèìåð, ìîæíî áóäåò îáåñïå÷èòü ïåðåõîä
îò îäíîãî òèïà èíòåðïîëÿöèè ê äðóãîìó èçìåíåíèåì ëèøü ôóíê-
öèè èíòåðïîëÿöèè áåç èçëèøíåãî äóáëèðîâàíèÿ êîäà. Ðàññìîò-
ðèì ôàéë ñ ïðîòîòèïàìè ôóíêöèé advection.h.

./src/advection.h

1/∗ Number o f nodes in mesh . ∗/
2#define N 100
3
4/∗
5∗ U_c conta ins curren t time l a y e r and U_n

− next .
6∗/
7double U_c[N] , U_n[N ] ;
8
9/∗ Set i n i t i a l c ond i t i on s . ∗/
10void i n i t i a l i z e (void ) ;
11/∗ Do 1 s t ep o f numerical scheme . ∗/
12void s i n g l e S t ep (void ) ;
13/∗ Return i n t e r p o l a t e d va lue based on

s t e n c i l v a l u e s . ∗/
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14double i n t e rpo l a t edVa lue (double ∗u) ;
15/∗ F i l l v a l u e s in s t e n c i l nodes . ∗/
16void f i l l S t e n c i l V a l u e s ( int ind ) ;
17/∗ Print s imp le r e p r e s en t a t i on o f curren t

U va l u e s . ∗/
18void debugPrint (void ) ;
19/∗ Save curren t U va l u e s in f i l e f o r

Gnuplot p roce s s ing . ∗/
20void debugGnuplot (void ) ;

Îïðåäåëåíèå N çàäà¼ò êîëè÷åñòâî óçëîâ, íà êîòîðîå ðàçáè-
âàåòñÿ ðàñ÷¼òíàÿ îáëàñòü [−1, 1], â ãëîáàëüíûõ ìàññèâàõ U_c è
U_n õðàíÿòñÿ çíà÷åíèÿ èñêîìîé ôóíêöèè íà òåêóùåì è ñëåäó-
þùåì âðåìåííîì ñëîå ñîîòâåòñòâåííî. Ôóíêöèÿ initialize(void)
ïðîèçâîäèò çàïîëíåíèå ìàññèâà U_c íà÷àëüíûì óñëîâèåì,
singleStep() âûïîëíÿåò îäèí øàã ðàñ÷¼òíîé ñõåìû, ïðîõîäÿ â
öèêëå ïî âñåì óçëàì ñåòêè. Ôóíêöèÿ interpolatedV alue(double ∗
u) ïðîâîäèò èíòåðïîëÿöèþ ïî òî÷êàì øàáëîíà è âîçâðàùàåò çíà-
÷åíèå ïîëèíîìà â òî÷êå x0 = −λτ , debugPrint() âûâîäèò ñîñòîÿ-
íèå òåêóùåãî âðåìåííîãî ñëîÿ â ñõåìàòè÷íîì âèäå íà ñòàíäàðò-
íûé ïîòîê âûâîäà, debugGnuplot() ñîõðàíÿåò â ôàéë äëÿ ïîñëå-
äóþùåãî ïîñòðîåíèÿ ãðàôèêîâ â ïðîãðàììå Gnuplot. Èõ ðåàëè-
çàöèè ïðèâåäåíû â ôàéëå advection.c.

./src/advection.c

1#include <s td i o . h>
2#include <math . h>
3
4#include " advect ion . h"
5
6#define l 1 . 0
7#define k 0 .4
8#define h (2 . 0 / N)
9#define tau (k ∗ h / l )
10#define M (2 . 0 / h / k )
11
12/∗
13∗ <s t e n c i l > conta ins numbers o f nodes
14∗ and <s t enc i l_va l u e s > − va l u e s in t h i s
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nodes .
15∗/
16
17// 1 s t order .
18#ifde f FIRST_ORDER
19#define S 1
20int s t e n c i l [ S + 1 ] = {−1, 0} ;
21double s t en c i l_va lu e s [ S + 1 ] ;
22#endif
23// 2nd order .
24#ifde f SECOND_ORDER
25#define S 2
26int s t e n c i l [ S + 1 ] = {−1, 0 , 1} ;
27double s t en c i l_va lu e s [ S + 1 ] ;
28#endif
29// 3rd order .
30#ifde f THIRD_ORDER
31#define S 3
32int s t e n c i l [ S + 1 ] = {−2, −1, 0 , 1} ;
33double s t en c i l_va lu e s [ S + 1 ] ;
34#endif
35
36int main ( ) {
37unsigned int s tep ;
38i n i t i a l i z e ( ) ;
39debugPrint ( ) ;
40for ( s tep = 0 ; s tep < M; step++)
41s i n g l e S t ep ( ) ;
42debugPrint ( ) ;
43debugGnuplot ( ) ;
44return 0 ;
45}
46
47// Rect impulse as i n i t i a l data .
48#ifde f ROUGH_INITIAL
49void i n i t i a l i z e (void ) {
50unsigned int ind ;
51for ( ind = 0 ; ind < N; ind++)
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52i f ( ( ind >= N / 4) && ( ind <= 3 ∗ N /
4) ) {

53U_c[ ind ] = 1 . 0 ;
54U_n[ ind ] = 0 . 0 ;
55} else {
56U_c[ ind ] = 0 . 0 ;
57U_n[ ind ] = 0 . 0 ;
58}
59}
60#endif
61
62// s in ^4(PI∗x ) , [−1 ,1] as i n i t i a l data .
63#ifde f SMOOTH_INITIAL
64void i n i t i a l i z e (void ) {
65unsigned int ind ;
66double x ;
67for ( ind = 0 ; ind < N; ind++) {
68x = −1.0 + ind ∗ h ;
69U_c[ ind ] = pow( s i n (M_PI ∗ x ) , 4 . 0 ) ;
70U_n[ ind ] = 0 . 0 ;
71}
72}
73#endif
74
75void s i n g l e S t ep (void ) {
76int ind ;
77for ( ind = 0 ; ind < N; ind++) {
78f i l l S t e n c i l V a l u e s ( ind ) ;
79U_n[ ind ] =

in te rpo la t edVa lue ( s t en c i l_va lu e s ) ;
80}
81// FIXME For s im p l i s i t y − copy U_c = U_n.
82for ( ind = 0 ; ind < N; ind++)
83U_c[ ind ] = U_n[ ind ] ;
84}
85
86#ifde f FIRST_ORDER
87double i n t e rpo l a t edVa lue (double ∗u) {
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88// Linear i n t e r p o l a t i o n : y = a ∗ x + b
89double a = (u [ 1 ] − u [ 0 ] ) / h ;
90double b = u [ 1 ] ;
91double x = − l ∗ tau ;
92double va l = a ∗ x + b ;
93return va l ;
94}
95#endif
96
97#ifde f SECOND_ORDER
98double i n t e rpo l a t edVa lue (double ∗u) {
99// Quadratic i n t e r p o l a t i o n : y = a ∗ x^2

+ b ∗ x + c
100double a = (u [ 2 ] − 2 .0 ∗ u [ 1 ] + u [ 0 ] ) /

2 .0 / h / h ;
101double b = (u [ 2 ] − u [ 0 ] ) / 2 .0 / h ;
102double c = u [ 1 ] ;
103double x = − l ∗ tau ;
104double va l = a ∗ x ∗ x + b ∗ x + c ;
105return va l ;
106}
107#endif
108
109#ifde f THIRD_ORDER
110double i n t e rpo l a t edVa lue (double ∗u) {
111// Qubic i n t e r p o l a t i o n : y = a ∗ x^3 + b

∗ x^2 + c ∗ x + d
112double a = (u [ 3 ] + 3 .0 ∗ u [ 1 ] − 3 .0 ∗

u [ 2 ] − u [ 0 ] ) / 6 .0 / h / h / h ;
113double b = (u [ 3 ] − 2 .0 ∗ u [ 2 ] + u [ 1 ] ) /

2 .0 / h / h ;
114double c = (2 . 0 ∗ u [ 3 ] + 3 .0 ∗ u [ 2 ] −

6 .0 ∗ u [ 1 ] + u [ 0 ] ) / 6 .0 / h ;
115double d = u [ 2 ] ;
116double x = − l ∗ tau ;
117double va l = a ∗ x ∗ x ∗ x + b ∗ x ∗ x +

c ∗ x + d ;
118return va l ;
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119}
120#endif
121
122void f i l l S t e n c i l V a l u e s ( int ind ) {
123unsigned int j ;
124int ind_new ;
125for ( j = 0 ; j < S + 1 ; j++) {
126ind_new = ind + s t e n c i l [ j ] ;
127i f ( ind_new < 0)
128s t en c i l_va lu e s [ j ] = U_c[ ind_new + N] ;
129else i f ( ind_new > N − 1)
130s t en c i l_va lu e s [ j ] = U_c[ ind_new − N] ;
131else
132s t en c i l_va lu e s [ j ] = U_c[ ind_new ] ;
133}
134}
135
136void debugPrint (void ) {
137unsigned int ind ;
138for ( ind = 0 ; ind < N; ind++)
139#define eps 0 .1
140i f ( (U_c[ ind ] < eps ) && (U_c[ ind ] >

−eps ) )
141p r i n t f ( "_" ) ;
142else
143p r i n t f ( " | " ) ;
144p r i n t f ( "\n" ) ;
145}
146
147void debugGnuplot (void ) {
148FILE ∗ pFi l e ;
149pF i l e = fopen ( " p l o t . dat" , "w" ) ;
150unsigned int ind ;
151for ( ind = 0 ; ind < N; ind ++)
152f p r i n t f ( pFi le , "%f \ t%f \n" , −1.0 + h ∗

ind , U_c[ ind ] ) ;
153f c l o s e ( pF i l e ) ;
154}
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Èñïîëüçóåìûå îáîçíà÷åíèÿ: l = λ, h � øàã ñåòêè, tau � øàã ïî
âðåìåíè, k = l∗tau

h
,M � ÷èñëî øàãîâ ïî âðåìåíè. Ðåàëèçîâàíî äâà

âèäà íà÷àëüíûõ óñëîâèé, èñïîëüçóåìûõ â çàâèñèìîñòè îò ôëàãîâ
êîìïèëÿöèè:

1. ROUGH_INITIAL � ðàçðûâíûé ïðÿìîóãîëüíûé åäèíè÷íûé
èìïóëüñ, çàäàííûé â öåíòðå îáëàñòè.

2. SMOOTH_INITIAL � ãëàäêàÿ ôóíêöèÿ sin4(πx), çàäàííàÿ
íà âñåé îáëàñòè.

Äëÿ ïðîçðà÷íîé ðåàëèçàöèè ïðîöåäóðû èíòåðïîëÿöèè ïî
çàäàííîìó øàáëîíó ïðèìåí¼í ñïåöèàëüíûé ïðè¼ì. Â ìàññèâ
int stencil[] â çàâèñèìîñòè îò ôëàãîâ êîìïèëÿöèè çàïèñûâàþòñÿ
ñìåùåíèÿ (â èíäåêñàõ) óçëîâ îòíîñèòåëüíî öåíòðàëüíîãî, ñîîò-
âåòñòâóþùèå èñïîëüçóåìîìó øàáëîíó. Äîïîëíèòåëüíî âûäåëÿ-
åòñÿ ìàññèâ double stencil_values[], â êîòîðûé ïåðåä îáðàáîòêîé
êàæäîãî óçëà çàãðóæàþòñÿ çíà÷åíèÿ èç ìàññèâà U_c, ñîîòâåò-
ñòâóþùèå òî÷êàì øàáëîíà. Ïðè ýòîì ðåàëèçóþòñÿ öèêëè÷åñêèå
ãðàíè÷íûå óñëîâèÿ, ò.å. ñïðàâà îò êðàéíåãî ïðàâîãî óçëà ðàñïî-
ëàãàåòñÿ êðàéíèé ëåâûé óçåë.

Äëÿ êîìïèëÿöèè ïðîãðàììû èñïîëüçóåòñÿ ñêðèïò build.sh.

./src/build.sh

1#!/ bin / bash
2gcc −g −Wall −DSECOND_ORDER

−DSMOOTH_INITIAL advect ion . c
advect ion . h −lm −o advect ion

Ðàñïðåäåëåíèå èñêîìîé ôóíêöèè ïî îáëàñòè ðàñ÷¼òà, ñîõðà-
í¼ííîå ôóíêöèåé debugGnuplot(void), ìîæåò áûòü âèçóàëèçèðî-
âàíî, íàïðèìåð, ñêðèïòîì plot.plot.

./src/plot.plot

1set terminal png
2set output " p l o t . png"
3set xlabel "Coordinate "
4set ylabel "Value"
5plot " p l o t . dat" using 1 :2 t i t l e " So lu t i on "
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Íà ðèñ. 2 ïðèâåäåíî ñðàâíåíèå ÷èñëåííûõ ðåøåíèé, ïîëó÷åí-
íûõ ñõåìàìè íà ðàñøèðåííûõ øàáëîíàõ 1-3 ïîðÿäêà. Â êà÷åñòâå
íà÷àëüíîãî óñëîâèÿ èñïîëüçîâàëñÿ ðàçðûâíûé ïðÿìîóãîëüíûé
èìïóëüñ, çàäàííûé â öåíòðå ðàñ÷¼òíîé îáëàñòè. Ïðåäñòàâëåíî
ðàñïðåäåëåíèå èñêîìîé ôóíêöèè ïîñëå îäíîãî ïîëíîãî îáîðîòà.

Ðèñ. 2. Ñðàâíåíèå ñõåì 1�3 ïîðÿäêîâ íà ðàñøèðåííûõ øàáëîíàõ

N Èññëåäîâàòåëüñêèå çàäàíèÿ

1. Äîðàáîòàéòå ïðîãðàììó Advection äëÿ ðåàëèçàöèè ñõåìû
4-ãî ïîðÿäêà ñîãëàñíî òåîðèè, èçëîæåííîé â ïðåäûäóùåé
ãëàâå. Ïðîâåðüòå ïîâåäåíèå ñõåìû íà ãëàäêèõ è ðàçðûâíûõ
ðåøåíèÿõ.
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2. Äîðàáîòàéòå ïðîãðàììó Advection äëÿ ðåàëèçàöèè ñõåì
ïîâûøåííîãî ïîðÿäêà, îñíîâàííûõ íà ðàñøèðåíèè ñåòî÷-
íîãî øàáëîíà. Ïðîâåðüòå ïîâåäåíèå ñõåì íà ãëàäêèõ è ðàç-
ðûâíûõ ðåøåíèÿõ.

1.2. Êîìïàêòíûå ñõåìû

1.2.1. Ïîñòðîåíèå è àíàëèç

Àëüòåðíàòèâîé ðàñøèðåíèþ ïðîñòðàíñòâåííîãî øàáëîíà ñ öå-
ëüþ ïîâûøåíèÿ ïîðÿäêà àïïðîêñèìàöèè ðàçíîñòíîé ñõåìû ÿâëÿ-
åòñÿ èñïîëüçîâàíèå ïðîäîëæåííûõ ñèñòåì óðàâíåíèé. Ïðè ýòîì
èñïîëüçóþòñÿ äèôôåðåíöèàëüíûå ñëåäñòâèÿ èñõîäíûõ óðàâíå-
íèé. Ñõåìû, ïîñòðîåííûå ñ ïðèìåíåíèåì äàííîãî ïîäõîäà, íàçû-
âàþòñÿ êîìïàêòíûìè çà ñ÷¼ò êîìïàêòíîñòè ðàçíîñòíîãî øàáëî-
íà.

Ââåä¼ì â ðàññìîòðåíèå äîïîëíèòåëüíî ê óðàâíåíèþ (1) åãî
äèôôåðåíöèàëüíîå ñëåäñòâèå:

νt + λνx = 0, (12)

ãäå ν(x, t) = ux(x, t) � äîïîëíèòåëüíàÿ èñêîìàÿ ôóíêöèÿ. Ïðè
ýòîì â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ ìîæåò áûòü çàïèñàíî âûðà-
æåíèå ν(x, 0) = ux(x, 0).

Ðàññìîòðèì äâóõòî÷å÷íûé ïî ïðîñòðàíñòâó øàáëîí (ðèñ. 1).
Íà í¼ì íà òåêóùåì âðåìåííîì ñëîå èçâåñòíû êàê çíà÷åíèÿ ôóíê-
öèè u(x, t) � unm è unm−1, òàê è ôóíêöèè ν(x, t) - ν

n
m è νnm−1 â óçëàõ

xnm è xnm−1. Òàêèì îáðàçîì, ïî èõ çíà÷åíèÿì ìîæåò áûòü îäíî-
çíà÷íî âîññòàíîâëåí ïîëèíîì òðåòüåãî ïîðÿäêà ñ ó÷¼òîì:

un(x) = F3(x) = a3x
3 + b3x

2 + c3x+ d3,

νn(x) = F ′3(x) = 3a3x
2 + 2b3x+ c3. (13)

Êîýôôèöèåíòû a3, b3, c3 è d3 ðàâíû ñîîòâåòñòâåííî:

a3 =
νnm + νnm−1

h2
− 2

unm − unm−1
h3

,

b3 =
2νnm + νnm−1

h
− 3

unm − unm−1
h2

,

c3 = νnm,

d3 = unm.
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Äîáàâèì ê ðàññìàòðèâàåìîìó øàáëîíó òî÷êó xnm+1. Â òàêîì
ñëó÷àå êîëè÷åñòâî èçâåñòíûõ âåëè÷èí óâåëè÷èâàåòñÿ äî øåñòè, è
ñòàíîâèòñÿ âîçìîæíûì âîññòàíîâëåíèå ïîëèíîìà ïÿòîãî ïîðÿä-
êà, êîòîðûé â îáùåì âèäå ïðåäñòàâèì ôîðìóëîé

F5(x) = a5x
5 + b5x

4 + c5x
3 + d5x

2 + e5x+ f5. (14)

Åãî êîýôôèöèåíòû âû÷èñëÿþòñÿ ïî ôîðìóëàì

a5 = −3unm+1 − 3unm−1 − 4hνnm − hνnm+1 − hνnm−1
4h5

,

b5 = −−4unm + 2unm+1 + 2unm−1 − hνnm+1 + hνnm−1
4h4

,

c5 = −−5unm+1 + 5unm−1 + 8hνnm + hνnm+1 + hνnm−1
4h3

,

d5 = −8unm − 4unm+1 − 4unm−1 + hνnm+1 − hνnm−1
4h2

,

e5 = νnm,

f5 = unm.

1.2.2. Ðåàëèçàöèÿ íà ÿçûêå Ñè

Ïî ñðàâíåíèþ ñ ïðîãðàììíîé ðåàëèçàöèåé ñõåì íà ðàñ-
øèðåííîì øàáëîíå íåîáõîäèìî äîïîëíèòåëüíî õðàíèòü çíà÷å-
íèÿ ïðîèçâîäíîé ðåøåíèÿ. Äëÿ ýòîãî ââîäÿòñÿ ìàññèâû dU_c
è dU_n. Êðîìå òîãî, ôóíêöèÿ interpolatedV alue ïðèíèìàåò
â àðãóìåíòàõ çíà÷åíèÿ ïðîèçâîäíîé, è ðåàëèçîâàíà ôóíêöèÿ
interpolatedDV alue(double ∗ u, double ∗ du), âîññòàíàâëèâàþùàÿ
çíà÷åíèå ïðîèçâîäíîé. Ïðîòîòèïû ôóíêöèé ïðèâåäåíû â ôàéëå
advection_ext.h, à èõ ðåàëèçàöèÿ � â ôàéëå advection_ext.c.

./src/advection_ext.h

1/∗ Number o f nodes in mesh . ∗/
2#define N 100
3
4/∗
5∗ U_c conta ins curren t time l a y e r and U_n

− next ,
6∗ and dU − d e r i v a t i v e s .
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7∗/
8double U_c[N] , U_n[N ] ;
9double dU_c [N] , dU_n[N ] ;
10
11/∗ Set i n i t i a l c ond i t i on s . ∗/
12void i n i t i a l i z e (void ) ;
13/∗ Do 1 s t ep o f numerical scheme . ∗/
14void s i n g l e S t ep (void ) ;
15/∗ Return i n t e r p o l a t e d U va lue based on

s t e n c i l v a l u e s . ∗/
16double i n t e rpo l a t edVa lue (double ∗u , double

∗du) ;
17/∗ Return i n t e r p o l a t e d dU va lue based on

s t e n c i l v a l u e s . ∗/
18double interpo latedDValue (double ∗u ,

double ∗du) ;
19/∗ F i l l v a l u e s in s t e n c i l nodes . ∗/
20void f i l l S t e n c i l V a l u e s ( int ind ) ;
21/∗ Print s imp le r e p r e s en t a t i on o f curren t

U va l u e s . ∗/
22void debugPrint (void ) ;
23/∗ Print s imp le r e p r e s en t a t i on o f curren t

U va l u e s . ∗/
24void debugGnuplot (void ) ;

./src/advection_ext.c

1#include <s td i o . h>
2#include <math . h>
3
4#include " advection_ext . h"
5
6#define l 1 . 0
7#define k 0 .4
8#define h (2 . 0 / N)
9#define tau (k ∗ h / l )
10#define M (2 . 0 / h / k )
11
12// 3rd order .
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13#ifde f THIRD_ORDER
14#define S 1
15int s t e n c i l [ S + 1 ] = {−1, 0} ;
16double s t en c i l_va lu e s [ S + 1 ] ;
17double s tenc i l_Dva lues [ S + 1 ] ;
18#endif
19
20int main ( ) {
21unsigned int s tep ;
22i n i t i a l i z e ( ) ;
23debugPrint ( ) ;
24for ( s tep = 0 ; s tep < M; step++) {
25s i n g l e S t ep ( ) ;
26}
27debugPrint ( ) ;
28debugGnuplot ( ) ;
29return 0 ;
30}
31
32// Rect impulse as i n i t i a l data .
33#ifde f ROUGH_INITIAL
34void i n i t i a l i z e (void ) {
35unsigned int ind ;
36for ( ind = 0 ; ind < N; ind++) {
37i f ( ( ind >= N / 4) && ( ind <= 3 ∗ N /

4) )
38U_c[ ind ] = 1 . 0 ;
39else
40U_c[ ind ] = 0 . 0 ;
41U_n[ ind ] = 0 . 0 ;
42dU_c [ ind ] = 0 . 0 ;
43dU_n[ ind ] = 0 . 0 ;
44}
45}
46#endif
47
48// s in ^4(PI∗x ) , [−1 ,1] as i n i t i a l data .
49#ifde f SMOOTH_INITIAL
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50void i n i t i a l i z e (void ) {
51unsigned int ind ;
52for ( ind = 0 ; ind < N; ind++) {
53double x = −1.0 + ind ∗ h ;
54U_c[ ind ] = pow( s i n (M_PI ∗ x ) , 4 . 0 ) ;
55U_n[ ind ] = 0 . 0 ;
56dU_c [ ind ] = 4 .0 ∗ M_PI ∗ pow( s i n (M_PI

∗ x ) , 3 . 0 ) ∗ cos (M_PI ∗ x ) ;
57dU_n[ ind ] = 0 . 0 ;
58}
59}
60#endif
61
62void s i n g l e S t ep (void ) {
63int ind ;
64for ( ind = 0 ; ind < N; ind++) {
65f i l l S t e n c i l V a l u e s ( ind ) ;
66// FIXME Remove c a l c u l a t i n g a_i tw ice .
67U_n[ ind ] =

in te rpo la t edVa lue ( s t enc i l_va lue s ,
s tenc i l_Dva lues ) ;

68dU_n[ ind ] =
interpo latedDValue ( s t enc i l_va lue s ,
s tenc i l_Dva lues ) ;

69}
70// FIXME For s im p l i s i t y copy U_c = U_n,

dU_c = dU_n.
71for ( ind = 0 ; ind < N; ind++) {
72U_c[ ind ] = U_n[ ind ] ;
73dU_c [ ind ] = dU_n[ ind ] ;
74}
75}
76
77#ifde f THIRD_ORDER
78double i n t e rpo l a t edVa lue (double ∗u , double

∗du) {
79// Cubic i n t e r p o l a t i o n : y = a ∗ x^3 + b

∗ x^2 + c ∗ x + d
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80double a = (du [ 1 ] + du [ 0 ] ) / h / h − 2 .0
∗ (u [ 1 ] − u [ 0 ] ) / h / h / h ;

81double b = (2 . 0 ∗ du [ 1 ] + du [ 0 ] ) / h −
3 .0 ∗ (u [ 1 ] − u [ 0 ] ) / h / h ;

82double c = du [ 1 ] ;
83double d = u [ 1 ] ;
84double x = − l ∗ tau ;
85double va l = a ∗ x ∗ x ∗ x + b ∗ x ∗ x +

c ∗ x + d ;
86return va l ;
87}
88double interpo latedDValue (double ∗u ,

double ∗du) {
89// Cubic i n t e r p o l a t i o n : dy = 3 ∗ a ∗ x^2

+ 2 ∗ b ∗ x + c
90double a = (du [ 1 ] + du [ 0 ] ) / h / h − 2 .0

∗ (u [ 1 ] − u [ 0 ] ) / h / h / h ;
91double b = (2 . 0 ∗ du [ 1 ] + du [ 0 ] ) / h −

3 .0 ∗ (u [ 1 ] − u [ 0 ] ) / h / h ;
92double c = du [ 1 ] ;
93double x = − l ∗ tau ;
94double va l = 3 .0 ∗ a ∗ x ∗ x + 2 .0 ∗ b ∗

x + c ;
95return va l ;
96}
97#endif
98
99void f i l l S t e n c i l V a l u e s ( int ind ) {
100unsigned int j ;
101int ind_new ;
102for ( j = 0 ; j < S + 1 ; j++) {
103ind_new = ind + s t e n c i l [ j ] ;
104i f ( ind_new < 0) {
105s t en c i l_va lu e s [ j ] = U_c[ ind_new + N] ;
106stenc i l_Dvalues [ j ] = dU_c [ ind_new +

N] ;
107} else i f ( ind_new > N − 1) {
108s t en c i l_va lu e s [ j ] = U_c[ ind_new − N] ;
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109stenc i l_Dvalues [ j ] = dU_c [ ind_new −
N] ;

110} else {
111s t en c i l_va lu e s [ j ] = U_c[ ind_new ] ;
112stenc i l_Dvalues [ j ] = dU_c [ ind_new ] ;
113}
114}
115}
116
117void debugPrint (void ) {
118unsigned int ind ;
119for ( ind = 0 ; ind < N; ind++)
120#define eps 0 .1
121i f ( (U_c[ ind ] < eps ) && (U_c[ ind ] >

−eps ) )
122p r i n t f ( "_" ) ;
123else
124p r i n t f ( " | " ) ;
125p r i n t f ( "\n" ) ;
126}
127
128void debugGnuplot (void ) {
129FILE ∗ pF i l e ;
130pF i l e = fopen ( " p l o t . dat" , "w" ) ;
131unsigned int ind ;
132for ( ind = 0 ; ind < N; ind ++)
133f p r i n t f ( pFi le , "%f \ t%f \n" , −1.0 + h ∗

ind , U_c[ ind ] ) ;
134f c l o s e ( pF i l e ) ;
135}

Äîïîëíèòåëüíî ê ìàññèâó double stencil_values[] ââåä¼í ìàñ-
ñèâ double stencil_Dvalues[], â êîòîðûé ïåðåä îáðàáîòêîé êàæ-
äîãî óçëà çàãðóæàþòñÿ çíà÷åíèÿ èç ìàññèâà dU_c, ñîîòâåòñòâó-
þùèå òî÷êàì øàáëîíà. Îòìåòèì, ÷òî â ñëó÷àå ðàçðûâíîãî íà-
÷àëüíîãî óñëîâèÿ ROUGH_INITIAL íà íóëåâîì ñëîå ìîæåò
áûòü èñïîëüçîâàíî íóëåâîå íà÷àëüíîå óñëîâèå íà çíà÷åíèÿ ïðî-
èçâîäíîé, â ñëó÷àå SMOOTH_INITIAL � ν(x, 0) = u′x(x, 0).
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Íà ðèñ. 3 ïðèâåäåíî ñðàâíåíèå ÷èñëåííîãî ðåøåíèÿ, ïîëó÷åí-
íîãî êîìïàêòíîé ñõåìîé òðåòüåãî ïîðÿäêà, ñ àíàëèòè÷åñêèì ðå-
øåíèåì. Â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ èñïîëüçîâàëñÿ ðàçðûâ-
íûé ïðÿìîóãîëüíûé èìïóëüñ, çàäàííûé â öåíòðå ðàñ÷¼òíîé îáëà-
ñòè. Ïðåäñòàâëåíî ðàñïðåäåëåíèå èñêîìîé ôóíêöèè ïîñëå îäíîãî
ïîëíîãî îáîðîòà.

Ðèñ. 3. Ñðàâíåíèå ÷èñëåííîãî ðåøåíèÿ êîìïàêòíîé ñõåìîé ñ àíàëèòè-
÷åñêèì ðåøåíèåì

N Èññëåäîâàòåëüñêèå çàäàíèÿ

1. Èçìåíèòå ïðîãðàììó Advection_ext òàê, ÷òîáû óáðàòü
ëèøíåå ïîâòîðíîå âû÷èñëåíèå êîýôôèöèåíòîâ ïîëèíîìà
ïðè ðàñ÷¼òå çíà÷åíèé ôóíêöèè è å¼ ïðîèçâîäíîé.
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2. Äîðàáîòàéòå ïðîãðàììó Advection_ext äëÿ ðåàëèçàöèè
ñõåìû 5-ãî ïîðÿäêà ñîãëàñíî òåîðèè, èçëîæåííîé â ïðåäû-
äóùåé ãëàâå. Ïðîâåðüòå ïîâåäåíèå ñõåìû íà ãëàäêèõ è ðàç-
ðûâíûõ ðåøåíèÿõ.

3. Äîðàáîòàéòå ïðîãðàììó Advection_ext äëÿ ðåàëèçàöèè
êîìïàêòíûõ ñõåì ïîâûøåííîãî ïîðÿäêà, îñíîâàííûõ íà
ðàñøèðåíèè ñåòî÷íîãî øàáëîíà. Îòìåòèì, ÷òî íåêîòîðûå
èç íèõ ìîãóò íå îáëàäàòü ñâîéñòâîì óñòîé÷èâîñòè. Ìîæ-
íî ëè ïðè äàííîì ïîäõîäå ïîñòðîèòü ñõåìó ÷¼òíîãî ïîðÿä-
êà ñõîäèìîñòè? Êàêèìè îñîáåííîñòÿìè îíà áóäåò îáëàäàòü?
Ïðîâåðüòå ïîâåäåíèå ñõåì íà ãëàäêèõ è ðàçðûâíûõ ðåøåíè-
ÿõ.

4. Ïðîâåäèòå êîìïëåêñíîå ñðàâíåíèå âðåìåíè ðàáîòû ïðî-
ãðàìì Advection è Advection_ext. Èññëåäóéòå âîïðîñ,
êàêóþ èç ñõåì îïòèìàëüíåå (ïî âðåìåíè ðàñ÷¼òà) èñïîëüçî-
âàòü äëÿ ïîëó÷åíèÿ çàäàííîé èçíà÷àëüíî îøèáêè íà àíàëè-
òè÷åñêîì ðåøåíèè.

1.3. Çàäà÷è ïîâûøåííîé ñëîæíîñòè

Êàê áûëî ñêàçàíî ðàíåå, ìíîæåñòâî çàäà÷ èç ðàçëè÷íûõ îá-
ëàñòåé íàóêè ìîæåò áûòü ñâåäåíî ê ïîñëåäîâàòåëüíîìó ðåøå-
íèþ ëèíåéíûõ îäíîìåðíûõ óðàâíåíèé ïåðåíîñà. Î÷åâèäíî, ÷òî
ðåàëüíûå ïðàêòè÷åñêèå çàäà÷è ñóùåñòâåííî íå îäíîìåðíû, çàäà-
íû íà ñëîæíûõ ïðîñòðàíñòâåííûõ îáëàñòÿõ è ò.ä. Â íàñòîÿùåé
ãëàâå ïîêàæåì ïîäõîä, êîòîðûé ìîæåò áûòü ïðèìåí¼í äëÿ èõ
ðåøåíèÿ.

Äëÿ ïðîñòîòû èçëîæåíèÿ áóäåì ðàññìàòðèâàòü çàäà÷ó äâó-
ìåðíîãî ïåðåíîñà ïðèìåñè â ïîòîêå æèäêîñòè. Äàííûé ïðîöåññ
îïèñûâàåòñÿ óðàâíåíèåì ïåðåíîñà âèäà

ut + λxux + λyuy = 0. (15)

ãäå u(x, y, t) � èñêîìàÿ ôóíêöèÿ,

[
λx
λy

]
� âåêòîð ñêîðîñòè ïåðå-

íîñà. Äëÿ åãî ðåøåíèÿ èñïîëüçóåì ïîäõîä ðàñùåïëåíèÿ ïî íà-
ïðàâëåíèÿì. Ïðè ýòîì ðåøåíèå èñõîäíîãî óðàâíåíèÿ (15) çàìå-
íÿåòñÿ ïîñëåäîâàòåëüíûì ðåøåíèåì äâóõ óðàâíåíèé (øàã X è
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øàã Y ñîîòâåòñòâåííî):

ut + λxux = 0,

ut + λyuy = 0. (16)

Êàæäîå èç óðàâíåíèé (16) ìîæåò áûòü ðåøåíî ëþáîé èç ñõåì,
ïîñòðîåííûõ íà ðàñøèðåííîì øàáëîíå. Ïðè ýòîì äëÿ øàãà Y
âõîäíûìè äàííûìè áóäåò ÿâëÿòüñÿ ðàñïðåäåëåíèå, ïîëó÷åííîå
ïîñëå âûïîëíåíèÿ øàãà X, è íàîáîðîò. Îòìåòèì, ÷òî äàííûé ïîä-
õîä ïðèìåíèì êàê íà êâàäðàòíûõ, òàê è íà ïàðàëëåëåïèïåäíûõ
ðàñ÷¼òíûõ ñåòêàõ.

N Çàäà÷à 1. Ðåàëèçóéòå ïðîãðàììó Advection_2D, â êî-
òîðîé áû ìîäåëèðîâàëñÿ ïðîöåññ äâóìåðíîãî ïåðåíîñà ñõåìàìè
íà ðàñøèðåííîì øàáëîíå. Ïðîâåäèòå ñåðèþ òåñòîâûõ ðàñ÷¼òîâ
êàê íà ãëàäêîì, òàê è íà ðàçðûâíîì ðåøåíèè. Êàêèå îñîáåííîñòè
÷èñëåííîãî ðåøåíèÿ âû íàáëþäàåòå?

N Çàäà÷à 2. Ïî àíàëîãèè ñ äâóìåðíûì ñëó÷àåì ðåàëèçóé-
òå ðåøåíèå òð¼õìåðíîãî óðàâíåíèÿ ëèíåéíîãî ïåðåíîñà ñ ïîìî-
ùüþ ïîäõîäà ðàñùåïëåíèÿ ïî íàïðàâëåíèÿì â âèäå ïðîãðàììû
Advection_3D.

Îñíîâíûì îòëè÷èåì ñïîñîáà ïîñòðîåíèÿ îäíîìåðíûõ êîì-
ïàêòíûõ ñõåì îò ñõåì íà ðàñøèðåííîì øàáëîíå ÿâëÿåòñÿ äîïîë-
íèòåëüíîå õðàíåíèå è ïåðåñ÷¼ò çíà÷åíèé ïðîèçâîäíîé ðåøåíèÿ.
Ïîïðîáóåì èñïîëüçîâàòü íàïðÿìóþ ïîäõîä ðàñùåïëåíèÿ ïî íà-
ïðàâëåíèÿì. Íà øàãå X èìååì îäíîìåðíîå óðàâíåíèå ïåðåíîñà,
êîòîðîå, ñëåäóÿ ìåòîäèêå ïîñòðîåíèÿ ïðîäîëæåííûõ ñõåì, äî-
ïîëíèì åãî äèôôåðåíöèàëüíûì ñëåäñòâèåì (ïðîèçâîäíàÿ ïî X):{

ut + λxux = 0,

(ux)t + λx(ux)x = 0.
(17)

Äàííàÿ ñèñòåìà ìîæåò áûòü ðåøåíà êîìïàêòíîé ñõåìîé 3-ãî
èëè 5-ãî (âîçìîæíî âûøå) ïîðÿäêà òî÷íîñòè, ïîñëå ÷åãî áóäóò
èçâåñòíû çíà÷åíèÿ un+1/2 è un+1/2

x íà ïðîìåæóòî÷íîì âðåìåííîì
ñëîå. Íà øàãå ïî Y àíàëîãè÷íî çàïèñûâàåì ðåøàåìóþ ñèñòåìó
óðàâíåíèé â âèäå {

ut + λyuy = 0,

(uy)t + λy(uy)y = 0.
(18)
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Íî äëÿ å¼ ðåøåíèÿ íåîáõîäèìî çíàíèå çíà÷åíèé un+1/2
y ! Ïðè

ýòîì ñèñòåìà (17) ìîæåò áûòü äîïîëíåíà ñëåäñòâèåì:

(uy)t + λx(uy)x = 0. (19)

Äëÿ íàõîæäåíèÿ un+1/2
y ìîãóò áûòü èñïîëüçîâàíû äâà ïðèí-

öèïèàëüíî ðàçíûõ ïîäõîäà:

1. Ðåøåíèå óðàâíåíèÿ ïåðåíîñà (19) ñõåìîé ïåðâîãî ïîðÿäêà.

2. Äîïîëíåíèå ñèñòåìû (17) åù¼ îäíèì äèôôåðåíöèàëüíûì
ñëåäñòâèåì (uxy)t + λx(uxy)x = 0 è ðåøåíèå äâóõ íåçàâè-
ñèìûõ ïðîäîëæåííûõ ñèñòåì óðàâíåíèé ëþáîé êîìïàêòíîé
ñõåìîé.

N Çàäà÷à 3. Ðåàëèçóéòå ïðîãðàììó Advection_ext_2D,
â êîòîðîé áû ìîäåëèðîâàëñÿ ïðîöåññ äâóìåðíîãî ïåðåíîñà êîì-
ïàêòíûìè ñõåìàìè. Ðàññìîòðèòå äâà ñëó÷àÿ:

1. Ðåøåíèå îäíîé ïðîäîëæåííîé ñèñòåìû è èñïîëüçîâàíèå ñõå-
ìû ïåðâîãî ïîðÿäêà.

2. Ðåøåíèå äâóõ ïðîäîëæåííûõ ñèñòåì.

Ïðîâåäèòå ñåðèþ òåñòîâûõ ðàñ÷¼òîâ êàê íà ãëàäêîì, òàê è
íà ðàçðûâíîì ðåøåíèè. Îöåíèòå ïîðÿäîê ñõîäèìîñòè ïîñòðîåí-
íûõ ñõåì. Ïðîâåäèòå èõ ñðàâíèòåëüíûé àíàëèç, ïåðå÷èñëèòå èõ
ïëþñû è ìèíóñû.

N Çàäà÷à 4. Ïîñòðîéòå êîìïàêòíûå ñõåìû äëÿ ðåøåíèÿ òð¼õ-
ìåðíîãî ëèíåéíîãî óðàâíåíèÿ ïåðåíîñà. Êàêèå âàðèàíòû èõ ïî-
ñòðîåíèÿ âîçìîæíû? Êàêèå èõ ïëþñû è ìèíóñû? Ïîïðîáóéòå
îöåíèòü ïîðÿäîê ñõîäèìîñòè íà ãëàäêîì ðåøåíèè. ×òî ÿâëÿåòñÿ
ëèìèòèðóþùèì ôàêòîðîì?
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2. Ñèñòåìà óðàâíåíèé àêóñòèêè

2.1. Ïåðåõîä â èíâàðèàíòû Ðèìàíà

Ðàññìîòðèì çàäà÷ó î ðàñïðîñòðàíåíèè âîëí äàâëåíèÿ ìàëîé
àìïëèòóäû â ãàçå â îäíîìåðíîé ïîñòàíîâêå. Áóäåì ñ÷èòàòü, ÷òî
ðàâíîâåñíîå ñîñòîÿíèå õàðàêòåðèçóåòñÿ íóëåâîé ñêîðîñòüþ òå÷å-
íèÿ ãàçà, ïëîòíîñòüþ ρ0 è äàâëåíèåì P (ρ0). Íåèçâåñòíûìè ôóíê-
öèÿìè ÿâëÿþòñÿ äàâëåíèå p(x, t) è ñêîðîñòü u(x, t), êàê ìàëûå
âåëè÷èíû îòíîñèòåëüíî ðàâíîâåñíûõ çíà÷åíèé. Åñëè ââåñòè îáî-
çíà÷åíèå K0 = ρ0P

′(ρ0), òî äèíàìè÷åñêèå ïðîöåññû, ïðîèñõîäÿ-
ùèå â ñðåäå, ìîãóò áûòü îïèñàíû ëèíåéíîé ñèñòåìîé äèôôåðåí-
öèàëüíûõ óðàâíåíèé:[

p
u

]
t

+

[
0 K0
1
ρ0

0

] [
p
u

]
x

= 0. (20)

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû äàííîé ñèñòåìû λ1,2 = ±c0,
ãäå c0 =

√
P ′(ρ0). Ìàòðèöà S, ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåê-

òîðîâ, è îáðàòíàÿ ê íåé S−1 èìåþò âèä:

S =

[
−Z0 Z0

1 1

]
, S−1 =

1

2Z0

[
−1 Z0

1 Z0

]
, (21)

ãäå Z0 = ρ0c0.
Òàêèì îáðàçîì, ñèñòåìà (20) ìîæåò áûòü ïåðåïèñàíà â âèäå[

p
u

]
t

+ S

[
−c0 0
0 c0

]
S−1

[
p
u

]
x

= 0. (22)

Äîìíîæàÿ îáå ÷àñòè (22) íà S−1 ñëåâà è ââîäÿ çàìåíó ïåðå-
ìåííûõ [

w1

w2

]
= S−1

[
p
u

]
=

1

2Z0

[
−p+ Z0u
p+ Z0u

]
, (23)

ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:[
w1

w2

]
t

+

[
−c0 0
0 c0

] [
w1

w2

]
x

= 0. (24)

Òàêèì îáðàçîì, äëÿ ðåøåíèÿ çàäà÷è î ðàñïðîñòðàíåíèè âîëí
ìàëîé àìïëèòóäû â ãàçå äîñòàòî÷íî ðåøèòü äâà íåçàâèñèìûõ
óðàâíåíèÿ ïåðåíîñà â ïåðåìåííûõ w1, w2 è ïåðåéòè îáðàòíî ê
ïåðåìåííûì p è u.

28



2.2. Ïîñòðîåíèå êîìïàêòíûõ ñõåì

Ðàññìîòðèì ñèñòåìó óðàâíåíèé ïåðåíîñà (24). Ââåä¼ì äîïîë-
íèòåëüíûå èñêîìûå ôóíêöèè ñ ñîîòâåòñòâóþùèìè ãðàíè÷íûìè
óñëîâèÿìè:


ν1(x, t) =

∂w1

∂x
(x, t),

ν2(x, t) =
∂w2

∂x
(x, t),

ν1(x, 0) =
∂w1

∂x
(x, 0),

ν2(x, 0) =
∂w2

∂x
(x, 0).

(25)

Ñèñòåìû (24) è (25) âìåñòå îáðàçóþò äâå íåçàâèñèìûå ïðî-
äîëæåííûå ñèñòåìû äëÿ óðàâíåíèé ïåðåíîñà w1 è w2, êîòîðûå
ìîæíî ðåøàòü, èñïîëüçóÿ ïîëó÷åííûå ðàíåå êîìïàêòíûå ñõåìû.
Ñëåäóÿ (3), ìîæíî çàïèñàòü, ÷òî

w1(xm, tn + τ) = w1(xm + c0τ, tn),

w2(xm, tn + τ) = w2(xm − c0τ, tn).

Òàêèì îáðàçîì, ìèíèìàëüíûé øàáëîí äëÿ ðåøåíèÿ àêóñòè÷å-
ñêîé ñèñòåìû âêëþ÷àåò â ñåáÿ ÷åòûðå òî÷êè xn+1

m , xnm, x
n
m−1, x

n
m+1

[10]. Çíàÿ ìàòðèöû ïåðåõîäà (27), ìîæíî ðàññ÷èòàòü çíà÷åíèÿ
èíâàðèàíòîâ Ðèìàíà íà òåêóùåì ñëîå ïî âðåìåíè ÷åðåç ïåðå-
ìåííûå çàäà÷è:

wn1,m =
1

2Z0

(−pnm + Z0u
n
m),

wn2,m =
1

2Z0

(pnm + Z0u
n
m).

Äëÿ ðåøåíèÿ êàæäîé èç ïðîäîëæåííûõ ñèñòåì ìîæíî âîñ-
ïîëüçîâàòüñÿ êîìïàêòíîé ñõåìîé òðåòüåãî ïîðÿäêà òî÷íîñòè. Òî-
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ãäà äëÿ w2 áóäåì èìåòü

wn2 (x) = a2x
3 + b2x

2 + c2x+ d2,

νn2 (x) = 3a2x
2 + 2b2x+ c2,

a2 =
νn2,m + νn2,m−1

h2
− 2

wn2,m − wn2,m−1
h3

,

b2 =
2νn2,m + νn2,m−1

h
− 3

wn2,m − wn2,m−1
h2

,

c2 = νn2,m,

d2 = wn2,m,

wn+1
2,m = wn2 (xm − c0τ),

νn+1
2,m = νn2 (xm − c0τ).

À äëÿ w1 áóäåì èìåòü (ñîîòâåòñòâóþùèå âûêëàäêè ïðîäå-
ëàéòå ñàìîñòîÿòåëüíî):

wn1 (x) = a1x
3 + b1x

2 + c1x+ d1,

νn1 (x) = 3ax12 + 2b1x+ c1,

a1 =
νn1,m+1 + νn1,m

h2
− 2

wn1,m+1 − wn1,m
h3

,

b1 = −ν
n
1,m+1 + 2νn1,m

h
+ 3

wn1,m+1 − wn1,m
h2

,

c1 = νn1,m,

d1 = wn1,m,

wn+1
1,m = wn1 (xm + c0τ),

νn+1
1,m = νn1 (xm + c0τ).

Çíàÿ ìàòðèöû ïåðåõîäà (27), ìîæíî ðàññ÷èòàòü çíà÷åíèÿ ïå-
ðåìåííûõ çàäà÷è ÷åðåç çíà÷åíèÿ èíâàðèàíòîâ Ðèìàíà íà ñëåäó-
þùåì ñëîå ïî âðåìåíè:

pn+1
m = Z0(−wn+1

1,m + wn+1
2,m ),

un+1
m = wn+1

1,m + wn+1
2,m .

N Èññëåäîâàòåëüñêèå çàäàíèÿ

1. Ïîñòðîéòå êîìïàêòíóþ ñõåìó ïÿòîãî ïîðÿäêà òî÷íîñòè äëÿ
ñèñòåìû óðàâíåíèé àêóñòèêè. Ñêîëüêî òî÷åê â ýòîì ñëó÷àå

30



âõîäèò â å¼ øàáëîí? Ïðåäëîæèòå âàðèàíòû àñèììåòðè÷íûõ
êîìïàêòíûõ ñõåì, ïîñòðîåííûõ íà ìåíüøåì ÷èñëå òî÷åê. Â
÷¼ì, ïî-âàøåìó, çàêëþ÷àåòñÿ èõ íåäîñòàòîê?

2. Èñïîëüçóÿ ïîäõîä ðàñøèðåíèÿ ïðîñòðàíñòâåííîãî øàáëîíà
äëÿ ïîâûøåíèÿ òî÷íîñòè ñõåìû, ïîñòðîéòå ñõåìû ñ 1 äî 5
ïîðÿäêà âêëþ÷èòåëüíî.

2.3. Ðåàëèçàöèÿ íà ÿçûêå C

Çàäà÷à ðàññìàòðèâàëàñü èçíà÷àëüíî â èíâàðèàíòàõ Ðèìàíà,
ò.å. ïåðåõîä îò ñêîðîñòè è äàâëåíèÿ ê íèì, à òàêæå îáðàòíûé
ïåðåõîä íå ðåàëèçîâûâàëèñü. Ââèäó òîãî, ÷òî çíàêè êîýôôèöè-
åíòîâ ïåðåä ïðîèçâîäíîé ïî êîîðäèíàòå â äâóõ óðàâíåíèÿõ ïå-
ðåíîñà íà èíâàðèàíòû ðàçëè÷íû, áûëè ñîîòâåòñòâóþùèì îáðà-
çîì ðàñøèðåíû ôóíêöèè interpolatedV alue, interpolatedDV alue,
fillStencilV alues è singleStep. Ïðîòîòèïû ôóíêöèé ïðèâåäå-
íû â ôàéëå acoustic_ext.h, à èõ ðåàëèçàöèÿ � â ôàéëå
acoustic_ext.c. Äëÿ ñáîðêè ïðîãðàììû ìîæåò áûòü èñïîëüçî-
âàí ñêðèïò build_ac_ext.sh.

./src/build_ac_ext.sh

1#! / bin /bash
2gcc −g −Wall acoust i c_ext . c acoust i c_ext . h

−lm −o acoust i c_ext

./src/acoustic_ext.h

1/∗ Number o f nodes in mesh . ∗/
2#define N 100
3
4/∗
5∗ ∗_c conta ins curren t time l a y e r and ∗_n

− next ,
6∗ and d∗ − d e r i v a t i v e s .
7∗ Current ly s o l v e in Riemann in va r i an t s .
8∗/
9double W1_c[N] , W2_c[N] , W1_n[N] , W2_n[N ] ;
10double dW1_c[N] , dW2_c[N] , dW1_n[N] ,

dW2_n[N ] ;
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11
12/∗ Set i n i t i a l c ond i t i on s . ∗/
13void i n i t i a l i z e (void ) ;
14/∗ Do 1 s t ep o f numerical scheme . ∗/
15void s i n g l e S t ep (void ) ;
16/∗ Return i n t e r p o l a t e d u va lue based on

s t e n c i l v a l u e s . ∗/
17double i n t e rpo l a t edVa lue (double ∗u , double

∗du , int d i r ) ;
18/∗ Return i n t e r p o l a t e d du va lue based on

s t e n c i l v a l u e s . ∗/
19double interpo latedDValue (double ∗u ,

double ∗du , int d i r ) ;
20/∗ F i l l v a l u e s in s t e n c i l nodes . ∗/
21void f i l l S t e n c i l V a l u e s ( int ind ) ;
22/∗ Print s imp le r e p r e s en t a t i on o f curren t

∗ va l u e s . ∗/
23void debugPrint (void ) ;

./src/acoustic_ext.c

1#include <s td i o . h>
2#include <math . h>
3
4#include " acoust i c_ext . h"
5
6#define c_0 1
7#define Z_0 1 // Z_0=rho_0∗c_0
8#define k 0 .4
9#define h (2 . 0 / N)
10#define tau (k ∗ h / c_0)
11#define M (0 .25 / h / k )
12
13// 3rd order extended scheme i s r e a l i z e d .
14#define S 1
15int s t e n c i l_ l [ S + 1 ] = {−1, 0} ;
16int s t en c i l_ r [ S + 1 ] = {0 , 1} ;
17double stenci l_values_w1 [ S + 1 ] ;
18double stenci l_values_w2 [ S + 1 ] ;
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19double stencil_Dvalues_w1 [ S + 1 ] ;
20double stencil_Dvalues_w2 [ S + 1 ] ;
21#define LEFT 0
22#define RIGHT 1
23
24int main ( ) {
25unsigned int s tep ;
26i n i t i a l i z e ( ) ;
27debugPrint ( ) ;
28for ( s tep = 0 ; s tep < M; step++) {
29s i n g l e S t ep ( ) ;
30}
31debugPrint ( ) ;
32return 0 ;
33}
34
35// Rect impulse as i n i t i a l data .
36void i n i t i a l i z e (void ) {
37unsigned int ind ;
38for ( ind = 0 ; ind < N; ind++) {
39i f ( ( ind >= N / 4) && ( ind <= 3 ∗ N /

4) ) {
40W1_c[ ind ] = 1 .0 / ( 2 . 0 ∗ Z_0) ;
41W2_c[ ind ] = −1.0 / ( 2 . 0 ∗ Z_0) ;
42} else {
43W1_c[ ind ] = 0 . 0 ;
44W2_c[ ind ] = 0 . 0 ;
45}
46W1_n[ ind ] = 0 . 0 ;
47W2_n[ ind ] = 0 . 0 ;
48dW1_c[ ind ] = 0 . 0 ;
49dW2_c[ ind ] = 0 . 0 ;
50dW1_n[ ind ] = 0 . 0 ;
51dW2_n[ ind ] = 0 . 0 ;
52}
53}
54
55void s i n g l e S t ep (void ) {
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56int ind ;
57for ( ind = 0 ; ind < N; ind++) {
58f i l l S t e n c i l V a l u e s ( ind ) ;
59// FIXME Remove c a l c u l a t i n g a_i tw ice .
60W1_n[ ind ] =

in te rpo la t edVa lue ( stenci l_values_w1 ,
stencil_Dvalues_w1 , RIGHT) ;

61dW1_n[ ind ] =
interpo latedDValue ( stenci l_values_w1 ,
stencil_Dvalues_w1 , RIGHT) ;

62W2_n[ ind ] =
in te rpo la t edVa lue ( stenci l_values_w2 ,
stencil_Dvalues_w2 , LEFT) ;

63dW2_n[ ind ] =
interpo latedDValue ( stenci l_values_w2 ,
stencil_Dvalues_w2 , LEFT) ;

64}
65// FIXME For s im p l i s i t y copy Wi_c =

Wi_n, dWi_c = dWi_n.
66for ( ind = 0 ; ind < N; ind++) {
67W1_c[ ind ] = W1_n[ ind ] ;
68dW1_c[ ind ] = dW1_n[ ind ] ;
69W2_c[ ind ] = W2_n[ ind ] ;
70dW2_c[ ind ] = dW2_n[ ind ] ;
71}
72}
73
74double i n t e rpo l a t edVa lue (double ∗u , double

∗du , int d i r ) {
75// Cubic i n t e r p o l a t i o n : y = a ∗ x^3 + b

∗ x^2 + c ∗ x + d
76double a , b , c , d , x ;
77i f ( d i r == LEFT) {
78a = (du [ 1 ] + du [ 0 ] ) / h / h − 2 .0 ∗

(u [ 1 ] − u [ 0 ] ) / h / h / h ;
79b = (2 . 0 ∗ du [ 1 ] + du [ 0 ] ) / h − 3 .0 ∗

(u [ 1 ] − u [ 0 ] ) / h / h ;
80c = du [ 1 ] ;
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81d = u [ 1 ] ;
82x = −c_0 ∗ tau ;
83} else {
84a = (du [ 1 ] + du [ 0 ] ) / h / h − 2 .0 ∗

(u [ 1 ] − u [ 0 ] ) / h / h / h ;
85b = −(2.0 ∗ du [ 0 ] + du [ 1 ] ) / h + 3 .0 ∗

(u [ 1 ] − u [ 0 ] ) / h / h ;
86c = du [ 0 ] ;
87d = u [ 0 ] ;
88x = c_0 ∗ tau ;
89}
90double va l = a ∗ x ∗ x ∗ x + b ∗ x ∗ x +

c ∗ x + d ;
91return va l ;
92}
93double interpo latedDValue (double ∗u ,

double ∗du , int d i r ) {
94// Cubic i n t e r p o l a t i o n : dy = 3 ∗ a ∗ x^2

+ 2 ∗ b ∗ x + c
95double a , b , c , x ;
96i f ( d i r == LEFT) {
97a = (du [ 1 ] + du [ 0 ] ) / h / h − 2 .0 ∗

(u [ 1 ] − u [ 0 ] ) / h / h / h ;
98b = (2 . 0 ∗ du [ 1 ] + du [ 0 ] ) / h − 3 .0 ∗

(u [ 1 ] − u [ 0 ] ) / h / h ;
99c = du [ 1 ] ;
100x = −c_0 ∗ tau ;
101} else {
102a = (du [ 1 ] + du [ 0 ] ) / h / h − 2 .0 ∗

(u [ 1 ] − u [ 0 ] ) / h / h / h ;
103b = −(2.0 ∗ du [ 0 ] + du [ 1 ] ) / h + 3 .0 ∗

(u [ 1 ] − u [ 0 ] ) / h / h ;
104c = du [ 0 ] ;
105x = c_0 ∗ tau ;
106}
107double va l = 3 .0 ∗ a ∗ x ∗ x + 2 .0 ∗ b ∗

x + c ;
108return va l ;
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109}
110
111void f i l l S t e n c i l V a l u e s ( int ind ) {
112unsigned int j ;
113int ind_new_l , ind_new_r ;
114for ( j = 0 ; j < S + 1 ; j++) {
115ind_new_l = ind + s t e n c i l_ l [ j ] ;
116i f ( ind_new_l < 0) {
117stenci l_values_w2 [ j ] =

W2_c[ ind_new_l + N] ;
118stencil_Dvalues_w2 [ j ] =

dW2_c[ ind_new_l + N] ;
119} else {
120stenci l_values_w2 [ j ] =

W2_c[ ind_new_l ] ;
121stencil_Dvalues_w2 [ j ] =

dW2_c[ ind_new_l ] ;
122}
123ind_new_r = ind + s t en c i l_ r [ j ] ;
124i f ( ind_new_r > N − 1) {
125stenci l_values_w1 [ j ] =

W1_c[ ind_new_r − N] ;
126stencil_Dvalues_w1 [ j ] =

dW1_c[ ind_new_r − N] ;
127} else {
128stenci l_values_w1 [ j ] =

W1_c[ ind_new_r ] ;
129stencil_Dvalues_w1 [ j ] =

dW1_c[ ind_new_r ] ;
130}
131}
132}
133
134void debugPrint (void ) {
135unsigned int ind ;
136#define eps 0 .1
137p r i n t f ( "W1:\ n" ) ;
138for ( ind = 0 ; ind < N; ind++)

36



139i f ( (W1_c[ ind ] < eps ) && (W1_c[ ind ] >
−eps ) )

140p r i n t f ( "_" ) ;
141else
142p r i n t f ( " | " ) ;
143p r i n t f ( "\n" ) ;
144p r i n t f ( "W2:\ n" ) ;
145for ( ind = 0 ; ind < N; ind++)
146i f ( (W2_c[ ind ] < eps ) && (W2_c[ ind ] >

−eps ) )
147p r i n t f ( "_" ) ;
148else
149p r i n t f ( " | " ) ;
150p r i n t f ( "\n" ) ;
151}

Äëÿ ñëó÷àÿ ðàçðûâíîãî íà÷àëüíîãî èìïóëüñà íà ïåðâîì ñëîå
èñïîëüçîâàíî íóëåâîå íà÷àëüíîå óñëîâèå íà çíà÷åíèÿ ïðîèçâîä-
íûõ, íåîáõîäèìûõ äëÿ ïîñòðîåíèÿ êîìïàêòíîé ñõåìû.

N Èññëåäîâàòåëüñêèå çàäàíèÿ

1. Ìîäèôèöèðóéòå ïðîãðàììó Acoustic_ext, äîáàâèâ ýòàïû
ïåðåõîäà îò ïåðåìåííûõ (p, u) ê ïåðåìåííûì (w1, w2) è îá-
ðàòíî.

2. Ìîäèôèöèðóéòå ïðîãðàììó Acoustic_ext òàê, ÷òîáû
óáðàòü ëèøíåå ïîâòîðíîå âû÷èñëåíèå êîýôôèöèåíòîâ ïî-
ëèíîìà ïðè ðàñ÷¼òå çíà÷åíèé ôóíêöèè è å¼ ïðîèçâîäíîé.

3. Ìîäèôèöèðóéòå ïðîãðàììó Acoustic_ext òàê, ÷òîáû
óáðàòü íåîáõîäèìîñòü â ðàçëè÷íîì âû÷èñëåíèè êîýôôèöè-
åíòîâ ïîëèíîìà äëÿ w1 è w2. Ïîäñêàçêà: îòðàçèòå ñèììåò-
ðè÷íî øàáëîí äëÿ w1.

4. Äîðàáîòàéòå ïðîãðàììóAcoustic_ext äëÿ ðåàëèçàöèè ñõå-
ìû 5-ãî ïîðÿäêà. Ïðîâåðüòå ïîâåäåíèå ñõåìû íà ãëàäêèõ è
ðàçðûâíûõ ðåøåíèÿõ.

5. *Ðàçðàáîòàéòå ïðîãðàììû äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé
àêóñòèêè â äâóìåðíîì è òð¼õìåðíîì ñëó÷àÿõ. Ïîäñêàçêà:
èñïîëüçóéòå ïîäõîä ðàñùåïëåíèÿ ïî íàïðàâëåíèÿì.
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3. Ñèñòåìà óðàâíåíèé óïðóãîñòè

3.1. Ïåðåõîä â èíâàðèàíòû Ðèìàíà

Ðàññìîòðèì çàäà÷ó î ðàñïðîñòðàíåíèè âîëí äàâëåíèÿ ìàëîé
àìïëèòóäû â óïðóãîé ñðåäå â îäíîìåðíîé ïîñòàíîâêå. Àíàëîãè÷-
íî ñëó÷àþ ñ ðàñïðîñòðàíåíèåì âîçìóùåíèé â ãàçå íåèçâåñòíûå
ôóíêöèè áóäóò îòñ÷èòûâàòüñÿ îò ðàâíîâåñíûõ çíà÷åíèé. Ê íèì
îòíîñèòñÿ íàïðÿæåíèå σxx(x, t) è ñêîðîñòü ñðåäû u(x, t). Äîïîë-
íèòåëüíî ââåä¼ì îáîçíà÷åíèÿ: λ è µ � óïðóãèå ïàðàìåòðû Ëÿìý,
ρ � ïëîòíîñòü ñðåäû. Äèíàìè÷åñêèå ïðîöåññû, ïðîèñõîäÿùèå â
ñðåäå, ìîãóò áûòü îïèñàíû ëèíåéíîé ñèñòåìîé äèôôåðåíöèàëü-
íûõ óðàâíåíèé:[

σxx
u

]
t

+

[
0 −(λ+ 2µ)
− 1
ρ

0

] [
σxx
u

]
x

= 0. (26)

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû äàííîé ñèñòåìû λ1,2 = ±cp,
ãäå cp =

√
λ+2µ
ρ

. Ìàòðèöà S, ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåêòî-

ðîâ, è îáðàòíàÿ ê íåé S−1 èìåþò âèä:

S =

[
Z −Z
1 1

]
, S−1 =

1

2Z

[
1 Z
−1 Z

]
, (27)

ãäå Z = ρcp.

Àíàëîãè÷íî (23) ââåäåíèåì çàìåíû ïåðåìåííûõ[
w1

w2

]
= S−1

[
σxx
u

]
=

1

2Z

[
σxx + Zu
−σxx + Zu

]
(28)

èñõîäíóþ ñèñòåìó óðàâíåíèé (26) ìîæíî ïðåîáðàçîâàòü ê âè-
äó [

w1

w2

]
t

+

[
−cp 0
0 cp

] [
w1

w2

]
x

= 0. (29)

Òàêèì îáðàçîì, äëÿ ðåøåíèÿ çàäà÷è î ðàñïðîñòðàíåíèè óïðó-
ãèõ âîëí ìàëîé àìïëèòóäû â ñðåäå äîñòàòî÷íî ðåøèòü äâà íåçà-
âèñèìûõ óðàâíåíèÿ ïåðåíîñà â ïåðåìåííûõ w1, w2 è ïåðåéòè îá-
ðàòíî ê ïåðåìåííûì σxx è u.
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3.2. Èññëåäîâàòåëüñêèå çàäàíèÿ

1. Ðàçðàáîòàéòå ïðîãðàììó, âûïîëíÿþùóþ ÷èñëåííîå ðåøå-
íèå ñèñòåìû óðàâíåíèé óïðóãîñòè â îäíîìåðíîì ñëó÷àå ñ
èñïîëüçîâàíèåì ñåòî÷íî-õàðàêòåðèñòè÷åñêèõ ñõåì íà ðàñ-
øèðåííîì øàáëîíå. Ñðàâíèòå ðåçóëüòàòû ðàñ÷¼òîâ ïî ìå-
òîäàì ñ ðàçëè÷íûì ïîðÿäêîì àïïðîêñèìàöèè ìåæäó ñîáîé
è ñ èçâåñòíûìè àíàëèòè÷åñêèìè ðåøåíèÿìè.

2. Ðàçðàáîòàéòå ïðîãðàììó, âûïîëíÿþùóþ ÷èñëåííîå ðåøå-
íèå ñèñòåìû óðàâíåíèé óïðóãîñòè â îäíîìåðíîì ñëó÷àå
ñ èñïîëüçîâàíèåì êîìïàêòíûõ ñåòî÷íî-õàðàêòåðèñòè÷åñêèõ
ñõåì. Ñðàâíèòå ðåçóëüòàòû ðàñ÷¼òîâ ïî ìåòîäàì ñ ðàçëè÷-
íûì ïîðÿäêîì àïïðîêñèìàöèè ìåæäó ñîáîé è ñ èçâåñòíûìè
àíàëèòè÷åñêèìè ðåøåíèÿìè.

3. Óñîâåðøåíñòâóéòå ïðîãðàììû èç äâóõ ïðåäûäóùèõ çàäà-
íèé íà äâóìåðíûé è òð¼õìåðíûé ñëó÷àè. Ïðîâåäèòå ñðàâíå-
íèå ðåçóëüòàòîâ ÷èñëåííûõ ðàñ÷¼òîâ, ïîëó÷åííûõ ðàçëè÷-
íûìè ñõåìàìè, ìåæäó ñîáîé è ñ èçâåñòíûìè àíàëèòè÷åñêè-
ìè ðåøåíèÿìè äëÿ ïëîñêèõ ïðîäîëüíûõ è ïîïåðå÷íûõ âîëí
è äëÿ òî÷å÷íîãî èñòî÷íèêà. Ñîïîñòàâüòå ñêîðîñòü ðàáîòû
ïðîãðàìì, à òàêæå îáú¼ìû ïîòðåáëÿåìîé èìè îïåðàòèâíîé
ïàìÿòè. Ïîäñêàçêà: èñïîëüçóéòå ïîäõîä ðàñùåïëåíèÿ ïî íà-
ïðàâëåíèÿì.
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